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Abstract - The electromagnetic fields (EMFs) transmitted from a circular loop antenna (a vertical magnetic dipole
(VMD)) placed on a specific height over multi-layer conducting earth at high frequencies and its image source fields have
been represented. The integral representations of image source fields were evaluated by using simple approach. The
solution of the linear Maxwell’s equations in the frequency domain were gotten, utilizing Hertz vector to decreasing the
field integrals to mixes of known Sommerfeld integrals (Sls), which is favorable over the past numerical methods,
considering initial, boundary, and transition conditions. The solution determines the EMFs in the conductive media which
consists of primary and scattered waves. The outcomes acquired from this paper can be utilized to assess numerical
arrangements of various complexities, for example the underlying multilayered media. In addition, the derived
formulation would be useful for interpreting airborne EM systems, and will be helpful for remote detecting particularly
when the transmitter is near the surface.
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I. INTRODUCTION
The electromagnetic fields (EMFs) radiated from loop antenna source placed over or inside multilayered earth
structure attracted great attention of numerous researchers since its initial beginning. This is because its importance
in wireless engineering and technology, with applications in radio communication systems, radio direction finding
devices, and land mobile radio systems, geophysics, and remote sensing [1-7].
The early classical solution of the problem of a circular loop antenna has been treated by Wait [8, 9]. It is well
known that the Sommerfeld integrals (SIs) describing the field components cannot be exactly evaluated and their
numerical integration is made difficult by the presence of highly oscillatory terms in the integrands when the source
and the field point are far separated.
The classical approach in finding the solution was to apply Fourier inversion to the formal time harmonic solution,
leading to a representation in the form of double infinite integral. Accurate numerical evaluation of such an
expression is difficult and impractical. By utilizing a quasi-static approach, Wait [10] has been change these
integrals into asymptotic structures and he obtained closed-form solution for the fields of a loop source located on a
two-layered earth which are which are works well for late times, but it is not optimal for computational efficiency.
By applying a similar method, Botros and Mahmoud [11] has been gotten straightforward expressions for the
transient responses between loops situated on the two-layered earth. The solution was based on comparing the
distances encountered with the significant free space wavelengths, and neglect the displacement currents in the air
region. Mahmoud et al. [12] formulated the problem of radiation from a VMD on the surface of two-layered ground
and a complete time-domain field has been derived analytically. Taking into consideration the displacement current
in the air region, but those in the ground have been neglected. Bishay et al. [13] used a small horizontal loop source
on a two- layered earth's model and presented a complete frequency-domain wave solution for the fields, where the
displacement currents in all regions are accounted for. Despite their analytical expressions were useful and
applicable for the near-field region, but the equations cannot be executed effectively because of the presence of poles
and branch cuts as well as of these singularities to the saddle point.
Our objective in this paper is to obtain the complete frequency-domain wave solution for the electromagnetic fields
radiated from a small horizontal loop antenna (VMD) placed at a height h over a two-layered earth's model, by using
simple approach [14]. The computation method takes into consideration the effects of both conduction as well as
displacement currents, and is well suitable for any position of the source loop either in the air or on the surface of the
model, in contrary to the earlier methods which face convergence problem.
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Il. GENERAL DESCRIPTION

The earth model and measurement system under consideration are shown in Figurel.
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Figure 1: Two-layer earth model and the coordinate system used in the analysis.

The earth's adopted model consists of a homogeneous overburden slab of thickness (d) above the half-space. The
coordinate system (X, vy, z) with z axis directed vertically downward is taken into consideration. The cylindrical
coordinate system (p.¢.2) also has been used frequently to solve the equations using circular symmetry.
£, 6.9,k denote permittivity, permeability, conductivity, and propagation constant, where i = 0, 1, 2 denotes air
(—h=z=10) overburden slab (O =z =4} | and lower half space (4 =2 = %), respectively. The magnetic
permeability value is taken to be equal to that of free space throughout. Harmonic factor €“* is implied, and [d4
units are used everywhere. The source is @ VMD (an infinitesimal horizontal circular loop of radius a, carrying a
current 1) placed at height Z = —h above the surface of layered earth (in the air region: =% = z = 0) and the
observing point Pp.¢.2) s located at any distance in the each region.

I11. ANALYTICAL FORMULATION

In this section, analytical formulations for the calculation of the electromagnetic fields (EMF) radiating from a VMD
located at height “h” in the air region above the surface of layered earth are derived. The geometry of the problem is
illustrated in Fig.1. As it has been noted, there are three primary configurations of interest, as a result of different
combinations of the locations of the VMD and the observation point. The dipole is assumed to be located on the z-
axis. In the type of propagation problems considered here, for analysis restricted to the far field, it can be assumed
that the magnitudes of “z” and “d” are much smaller than that of "2" (the radial distance between the dipole and the
observation point). Also note that primed quantities are associated with the source and suppressed in all the
formulations.

3.1 Case | (in the air region =@ =z =0 ):

Consider the simple case when the source and observation point P(p.9.2) are both located in the upper layer (air).

We take z = 0| the expressions of the field components, namely Epo - Hpo H

—lwpgldd p= [4 —ugiEz+R] tgiE—k) Lz
Ep“{ﬂ'z]:T;f_x [ﬂ_ng Uglz+k +‘ﬁ}u] gdnx F:IAHL uﬂ]d.ﬂ

ze can be written as

(1a)

Hﬂ“{ﬂ.z] = _;:rl -I-'_=:c Lin g—un|x+|":| +ﬁ;.u:] gunlx—-ﬂl]l ug Hl_lup] di (1b)
Id = [d . A ! . I

HKH{E-Z] — E_:'J’_x [:“ g—u!nlx+ﬂl +ﬁ}u] gﬂnlx—r.'.']j_- HI}- uﬂ]dﬂ (1C)

where %o = /4% + k5 (the root with positive real part must be taken), Ho~ (2. H;™ (4p) are the Zeroth and One

order Hankel function of the second kind, and fi is constant function which can be arranged and computed easily
from the boundary conditions as follows:

_ L [i’n|+?’|:F_:u'd]
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@

where
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e and iz are Fresnel reflection coefficients at the interfaces z = 0, d, respectively.

After some manipulations, for example the expression of the magnetic field Hz, , given by (1c) can be written in the
following form
:|] 12 —2uyd “;luE.:u“.r. ”;"_E.:u“r.—:u|d

da g A _ 1oz 2 2 7rl2)
Hz“{p'z}=; _DCHL“E te g (z+h) UigUis - ul'-:llnl-e_-ulfl “}_Hug {-’}p} da
uig Uiz (4)
Using the relations
UigUiz :u|d| ; 1 -
g =1 I :
Ui ¥z and 1-x m=oX" 5)
equation (4) can be written as
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Therefore, we may assume that
H. (p.z) = E(E§=D[A(m] + B(m) + CGm) + D(m)]) 0
where .
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To calculate the vertical magnetic far—field in air, we using the simple approach [14], when the condition
kgl 3 Ikl s satisfied, we have
LT g~ Mot 280 o 1

1 e P
Ui

, Uig 9)

a
where Ky
Using the first formula of (8) and arranging (7a) properly, we get

Alm) = [~ [.1 ( e -*n”] [-emmesa ) 5 Gp) | di

(10)
When £ = =2, there is an approximation formula for the Hankel function [15]
(=1 M= _ _nm 1:_1'-
H ' Gp)» |—e i{ap-57-3)
N e (11)
Also, when P2 = @ | the first factor of (10) is slowly varying while the second one is rapidly varying.
The location of the stationary phase point “c: of the rapidly varying part is given by
3 Mz _ 3z =
Zi[-10 —(ma +z +n) /K -7 ]L:AM—U W)
The solution of (12) is
|'-"h|1 — —
P =50 with n=ypP+(matzih) (13)
Using the simple approach and considering the following Sommerfeld integral
g kT _i - i —als (2
— =27 e H, (4p) di (14)

Then, the value of the rapidly varying part in equation (10) is given by
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—ikgTy
1 (15)
Most of the contribution to the integral in (10) is from the vicinity of the stationary phase point 4 = 4oy if the
slowly varying part has no singularities in the vicinity of 4oz, then the value of the slowly varying part in equation
(10) is giveip as
kip® (1-m\" _oy, 4
r (L+r') e (16)
Upon substltutmg (15) and (16) in (10) we have
Alm) = % (L "') o~ iRy —2iky md

&

i"i_ L+n (17)
where " & , and the approximation %1 ® i Ky js used.
By using the same procedure, we can obtain
m+l
B(m) = m(b“) o~ kg ra=2iky (m+ 1)
s 1+n (18&)
ALE o2 m
E{m] :—_'h";"'.I (L—_i") g—l'iini’x—:iini‘fvd
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A R (18c)
where

r=4p+({(m+1a +z+hyP n =%+ (lm + 1)a —z+hyY n= =Jpi+(ma—z+h)?
Hence, combining (17), (18) with (7) provides the explicit expression to the vertical magnetic field in air in the far-

region as follows
m (1 ”) —Zikymd (1 —ikgry _ L —ikge )
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In a similar manner, the expressions of other field components Hpy s Eg, can be computed.

3.2 Case Il (in the air region 0 = z = d):
Here we derive the vertical magnetic field in the overburden slab (upper layer of the earth), where the observation

point P(p.¢.2) s located at any arbitrary distance (£ ¥ 0). The expressions of the field components Egr Hpy Hyy
can be written as
4wy lz-ml -ty lz=hl
— [ gl - + u:] ! (2]
E;._-,Ilf_ﬂuz:] i En Iirl-lr_ [ g JF g AHL_ uﬂ]ﬁﬂ.
+f u:] gu!||x—|"| (203)
4w lz-R) _ (1) —uylz—R) )
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4 uylz—hl —uqlz—h)
i - + ':/1-:] ! P 3
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+£ (1) g (3R (20c)
where _
|%:' gtk |_—'r', g "ﬁl“‘:“ld—l_riI:I(L+r“,r|: g 2u1d)
WUy _ Mgy u
L) = L+rgy g e~ 2l i) = L4rpgy ryz e~ 2w (21)

After substituting the value of ﬁ'm, £ in (20c), the vertical magnetic field can be written in a simplest form as

g-uaft-uyx  Bio —uph-uy(2d-x)

_1da p= ot uia (=23
Help2) =l = T y— Hy Gip)da
uip uia (22)

Now, with the aid of the complex image theory [16] we will use equation (5) and first formula of (9), then equation
(22) will take the following form
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Therefore, equation (23) can be written in a simplest form as
Hy,(p.2) = 22 [S5_o(L0m) + M(m))] (24)
where o
= :AR(“T:]  _ugimash—u,(zmd ez i)
Lim) = [ (=% olma+hl-u,2md +2) da
(om) T uip WU y ¢ uﬂ] (252)
o) = 72 (22) " -, R0me 0242 1 2 (1)
M = -_:( 12 —uglma+h)-uy[2{m+ Ld+ TH - di
m T uip VUya ¢ v P (25b)
The integrals L(m) and M{m) evaluated in the same way in (8) and it yields
oot (YT ik pomdem [eC 00T gTTHTmE
Lm) = 2p%k; (F) eitiema [t o ] o6
—apzpz (=Y ik (mendoz [EF0Tm e FaTme
M(m) = 2o7k; (m) g TIH[2lm+ [ - = ] (26b)

where % =+/p° +(ma +h) . Tmer= Pt +(m+ Da+h)®
Then, after substituting from equations (24) - (26) into equation (23), we can find the final value of the vertical
magnetic field in the far-region in the overburden slab as

1omy M ] 1 . 1 .
o Z;:u( ..) g—liky(2md+z) (_ g~ tko Tm — - g~tRn "'rn-l) +
H, (p.z) =258 14n Tin T +1
= - - a1 . . . .
1 4T EI (1—.;) E—flk|[3(m+1}d—z. (i g~iknTm — 1 g KD Ty )
m=0 1+m -"|§1. rlil.- 1 (27)
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The expressions of other field components @ can be computed by the same way.
IV. NUMERICAL RESULTS
The magnitude of the vertical magnetic field both in air and overburden earth at any point has numerically computed
for different cases and plotted. In the plotted curves shown in Figs. (2) - (3), the conductivities ratio is taken
=) =100 - : I _ _ :

as [Lu) ] [a, = 1071 while the permittivities are [e2 = 10 &5], [e; = 100 &5 and the source height [(h) =
30 m]. Fig. (2) show the variation of the vertical magnetic field in air at [z = 5 m]. While fig. (3) show the vertical
magnetic field in the overburden slab at distance [z = 15 m].

[5zal h= /
: !z :3?:“ 1#z | h = 30m
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Figure 2. Variation of the vertical magnetic field |Hzo | in frequency - domain in the air region at different values
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Figure 3: Variation of the vertical magnetic field |Hz1|in frequency - domain in the overburden slab at different

values of ® .

V. CONCLUSION

Explicit expressions, valid in a wide frequency range, have been derived for the electromagnetic fields of a small
horizontal loop antenna located at certain height above the surface of a homogeneous medium. The result of the
analytical integration can be easily performed. The results agree with all the assumptions underlying previously
published approximate solutions to this problem and, at the same time, constitute an accurate and quick analytical
benchmark used to solve EM boundary value problems.
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